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ABSTRACT.
The nondegenerate quadratic hypersurfaces and the improper affine hyperspheres are the only nondegenerate hypersurfaces of dimension greater than two of an affine space which are affine locally symmetric with respect to their induced connection.
Introduction.
Let Ara+1 be an (n+l)-dimensional affine space considered as a homogeneous space under action of the unimodular affine group ASL(n + 1,R) (n > 2). A"+1 has a natural equiaffine structure (V,0), i.e. a torsion-free affine connection V and a volume element 9 which is parallel w.r.t. this connection. We now briefly indicate how one gets an induced equiaffine structure (V,(2) on a nondegenerate hypersurface of Ara+1 (see [2, 4, 5, 7] ). Let Mn be a hypersurface of A™+1. Denote the set of all vector fields which are transversal to M by XtrM. For each vector field £ in XtTM we have an induced volume element 0$ on M, defined by This defines a linear map S^:TXM -» TXM at each point x of M and a 1-form r^ on M. The pair (V^,0^) is not necessarily an equiaffine structure on M because V^é^ = r^ ® 0^. In the case where M is a nondegenerate hypersurface (i.e. h^ is nondegenerate for one transversal vector field £, which implies that this is true for all £ in XtrM), it is possible to find transversal vector fields £ for which r^ = 0. Let T denote the set of all £ in XtrM satisfying r^ = 0 and let 03 be the set of all volume elements on M. Then the map r -> 53: £ i-> 0t is injective. We now construct an affinely invariant element ù of 53 which lies in the range of this map r -* 53. The unique transversal vector field in T mapped to û is called the affine normal and this affine normal gives rise to an induced equiaffine structure on M.
To construct Ù, take an arbitrary £ in XtrM. Then h^ is nondegenerate and we can associate with it an affinely invariant pseudo-Riemannian metric h as follows. Choose vector fields ei,...,e" tangent to M and satisfying 0(ei,... ,en, £) == 1. We now give the fundamental equations of a nondegenerate hypersurface M in An+1 [7] . Let X, Y and Z be vector fields tangent to M. Then the equation of Gauss is given by
where R is the curvature tensor of (M, V), the equations of Codazzi state that The pseudo-Riemannian metric h gives rise to the uniquely determined pseudoRiemannian connection V which is torsion-free and satisfies Vh = 0. Using this connection the affine normal £ is given by £ = -Ax, where A is the Laplacian of (M, V) and x is the position vector field in A™+1. We mention the following result of L. Berwald concerning the case where V = V. PROPOSITION l [1, 5] . Let Mn be a nondegenerate hypersurface in An+1 (n > 2). Then $=0 ¡/ and only if M is a nondegenerate quadratic hypersurface.
The nondegenerate quadratic hypersurfaces are examples of the so-called affine hyperspheres which are defined by the condition that the shape-operator S is a multiple of the identity. We remark that in this case S = al, where a is constant (see (1.6)). Alternatively, the affine hyperspheres can be defined by the condition that their affine normals are parallel (S = 0) or all pass through a fixed point, which is called the center of M (S = al, a G Rn). An affine hypersphere of the first type is called an improper affine hypersphere, whereas one of the second type is said to be a proper affine hypersphere. For convex proper affine hyperspheres one can make a distinction between those of elliptic type and those of hyperbolic type depending upon the fact that the center lies on the convex side of M or not. E.g. {x G A"+1 I x1 ■■■xn+1 = 1 with Vz G {l,...,n+ l}:xi G Rj} is a proper affine hypersphere of the hyperbolic type. The convex affine hyperspheres in A"+1 which are complete (w.r.t. the Riemannian metric h) are completely classified for n > 2 (see [3, 6] ).
An example of a nonconvex affine hypersphere is given by the imbedding of SL(n, R) in GL+(n,R) = A™ . In particular for n = 2 this gives a quadratic hypersurface in A4 such that VR = 0 [7] . In [7] K. Nomizu asks for other examples of nondegenerate hypersurfaces which are affine locally symmetric w.r.t. the induced connection V. We will prove that there are, in fact, no nontrivial examples of this kind when n > 2. 
h(X, V)h(SY, W) -h(Y, V)h(SX, W) + h(X, W)h(SY, V) -h(Y, W)h(SX, V)]SZ + [h(Y, Z)h(SX, W) -h(X, Z)h(SY, W) + h(Y, W)h(SX, Z) -h(X, W)h(SY, Z)]SV.
First, we consider the case in which S and h are simultaneously diagonalizable. This is certainly true for a convex hypersurface, but (1.7) does not imply the same result for an arbitrary hypersurface (see e.g. the endomorphism s+1,xs+2,... ,xn) and the pseudo-Riemannian metric h -YH=i^x% ® dxlY^j=s+i dxi (g> dxi). If S and h can be put simultaneously in diagonal form, then we have the following LEMMA 1. Let M be a nondegenerate hypersurface in A"+1 and x G M. If there exists a basis ofTxM consisting of eigenvectors of S, then there exists a basis (ei,... ,e") ofTxM such that Sei -ptet with h(ei,ej) = e%bi3, where e¿ G { -1,1} and i, j € {1,... ,n}.
PROOF. Let (ui,...,un) be a basis of TXM satisfying Suí = piUi. Then (pi -pj)h(ui,Uj) = 0. Suppose h(ut,Ui) = 0 for 1 < i < I and h(uj,Uj) / 0 for I + 1 < j < n, such that h(u3,Uj) = e3 for / + 1 < j < n and l G N0. We show that one can reduce the number /.
If there exist i and j such that l<i<l<j<n and pt = pj, then there exist vectors ü¿ and u3 in the plane spanned by u, and u3 satisfying h(ñi,ñi) / 0 ĥ (ñj,ü~j), Sñi -pfui and Sñj = Pjñj. Hence we may suppose that pi /= p3 and h(ui,Uj) = 0 for all i and j satisfying 1 < i < I < j' < n. Moreover / > 2 and at least one of the h(u\,Ui), 1 < i < /, is different from zero (otherwise u\ = 0). Suppose h(u\,U2) 7^ 0. Then p\ = p2 and there exist vectors u\ and Ú2 in the plane spanned by u\ and U2 such that h(ñi,u\) /= 0 ^ h(ü2,Ü2), Süi = piüi and 5«2 = P2Ü2-This proves Lemma 1. ■ LEMMA 2. Lei M™ 6e a nondegenerate hypersurface in A™+1 with n > 2. 7/5 z's diagonalizable, then R ■ R = 0 if and only if M is an affine hypersphere.
PROOF. It follows from (2.1) that each affine hypersphere satisfies the condition R ■ R -0. Next, for a nondegenerate hypersurface, suppose that S is diagonalizable and R ■ R = 0. Let x be a point of M and let (et,...., e") be a basis of TXM satisfying 5e¿ == p¿e¿ and h(ei,e3) = Sièi3 with e¿ G { -1,1}-We agree that indices i, j, k, I will always be in the range 1,..., n. i,j,k,l G {l,...,n}).
Taking X -e\, Z = e2 and Y = ex for 2 < i < n in (2.2), we have eiSi(S¡ -Sx) -0 and e^Sf = 0, where Slk is defined by Sek = X^fc=i ^ifcei-Consequently, we have Sx2 = 0 and 5/ = S? for 2 < i < n. Taking X -t2, Z = ei and Y" = e¿ for 2 < ¿ < n, we also have 5| = S¡, i.e. Sj = p for all j in {l,...,n}.
This implies that h(ei,et)h(Se3,e3) = h(e3,e3)h(Sei,ei) for all i and j.
For mutually distinct i, j and fc, it follows from (2.2) with X = e{, Y = e3 and Z -efc that e3ekSf(Sei) = 0. Consequently 5/ = 0 for all i and j with z 7^ j.
Lemma 2 then proves Proposition 2.
Cose 2. Suppose im S is generated by a vector u ^ 0. If h(u, u) /-0, then we may suppose that (ei,...,en)
is a basis of TXM such that h(ei,e3) = e% §ij with e, G { -1,1} and u = e\, i.e. Set = pte\. In this case (2.2) implies for X = ei, F = e¿ and Z = ey, where 1 < z, 1 < j and z ^¿ j, that Z\Eip\p3e\ = 0. Hence pxpt = 0 for all i greater than 1. If pi /■ 0, then all other pt are equal to zero and S is diagonalizable.
Lemma 2 then implies that 5 = 0 which gives a contradiction.
So p\ = 0. Taking X = e¿, Y -e3 and Z = e\ (1 < z, 1 < j and z ^ j) in (2.2), we get p2 -0, i.e. 5 = 0. This gives again a contradiction. Let (ei,..., e") be a basis of TXM such that h(ei,e3) = £l6lJ (e¿ G { -1,1}) and suppose Sei = piU with u / 0 and /i(u, u) = 0. Formula (1.7) implies that REMARK. Each surface M2 in A3 satisfies the condition R ■ R -0. Using the fundamental equations for a surface in A3, one can prove that a nondegenerate surface M in A3 for which 5 is diagonalizable and which has constant affine mean curvature is an improper affine hypersphere or a nondegenerate quadratic surface if VR = 0. In particular, a nondegenerate complete convex surface in A3 with constant affine mean curvature is affine locally symmetric w.r.t. the induced connection if and only if it is a nondegenerate quadratic surface.
